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Non-LTE radiative transfer in a spectral line due to two-level atoms is studied taking the
diffusion of excited atoms into account. Numerical results are presented for the case of a sta-
tionary, plane parallel plasma of constant total density and temperature without external radia-
tion and without exchange of matter with the surroundings, assuming pure Doppler broadening

of the spectral line.

1. Introduction

In the first part of this paper [1] (in the following
referred to as Part I) we have pointed out that in
optically thick non-LTE plasmas (where LTE
stands for “local thermodynamic equilibrium”),
radiative transfer in spectral lines gives rise to
density gradients and thus to diffusion currents of
excited atoms even if the plasma is “homogeneous”.
As an illustrative example, we have considered the
stationary radiation transport in a spectral line due
to two-level atoms in a homogeneous and isothermal
plasma of low temperature (k7' < hwo). Assuming
complete redistribution, we have derived the equa-
tions that govern the formation of the spectral line
if diffusion of excited atoms is taken into account.
More specifically, for a plane parallel plasma without
external radiation and without exchange of matter
with the surroundings, the line source function
obeys an integro-differential equation with appro-
priate boundary conditions [Part I, Egs. (36)—(38)].

In this second part of the paper, we present
numerical solutions of this integro-differential equa-
tion corresponding to typical non-LTE plasmas of
large optical thickness, assuming that the line
broadening is pure Doppler broadening. We have
calculated the source function as a function of
optical depth, the shape of the emergent spectral
line, and the radiative energy loss of the plasma due
to the emitted spectral line.

2. Equations

It is useful to introduce dimensionless quantities.
We define the dimensionless frequency

x = (v — vo)/dvp (1)

which measures the frequency from the line center
o in units of the Doppler width

Avp = (voc) (2k T [m)1/2, (2)
m being the mass of a two-level atom. The line ab-
sorption coefficient [Part I, Eq. (5)] will be written

xy =%z, 3)
where

% = (hvo/4 1) no Bi2/Avp (4)
has the dimension of an absorption coefficient. As

we assume pure Doppler broadening, the dimension-
less absorption profile ¢, = Avp ¢, is given by

gr=m12¢""; [g,dz=1. (5)

The quantity x is then related to the absorption
coefficient in the line center, x¢, through » = 71/2x,.
We define the optical depht 7 in the plane parallel
slab of geometrical thickness 20 (Part I, Fig. 1) by
means of x,

T=x(0—2), (6)
choosing, as usual, the direction of the 7-scale oppo-
site to that of the z-scale. We call the quantity

70 = %20 (7)
the optical thickness of the slab. Finally, we define
the dimensionless source function by

s(t) = 8(z2)/BY, (8)
end the dimensionless specific intensity by

iz(7,9) = I, (2, 9)/| BV, 9)
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where BW is the Planck-Wien function [Part I,
Eq. (15)].
In terms of these dimensionless quantities, the

integro-differential equation for the source function
[Part I, Eqgs. (36) and (37)] can be written

s(t) — 0os” (7)

= &0+ (1 — &) [ Ki(|z—7'|)s(z')de’  (10)
0
with the kernel function, defined for v = 0,
K1(r)=%f¢zzEl(<pzr)dx, (11)

(u) being the first exponential integral [Part I,
. (35)], and the boundary conditions [Part I,
Eq (38)] are
§'(0)=¢(9)=0.
Here s’ (1) = ds/dr and s (1) = d2s/dz2.
Apart from the optical thickness of the slab, 79,
two dimensionless parameters appear in the integro-
differential equation (10): the collision parameter g
and the diffusion parameter 9. They are given
explicitly by
e =¢/(1+¢), (13)
0o= (#2D[A421)/(1+ ¢€). (14)

Here, ¢ = ne Ca1/As; [Part I, Eq. (19)] is the ratio
of the frequencies of electronic de-excitation colli-
sions and of spontaneous emissions, and D is the
diffusion constant. Clearly,

0<ep<1l and 0<dp<<oo.

(12)

We recall that, in our case, gradients of excited
atoms occur only in non-LTE plasmas (¢ €1) of
large optical thickness (70 > 1). On the other hand,
in optically thin plasmas (70 € 1), the source func-
tion is given by s = gp, while in LTE plasmas
(¢ > 1) it is given by the Planck function, s = 1,
for any optical thickness. Obviously, Eq. (10) need
not be considered in either case. If both g9 < 1 and
70 > 1 hold, there is true non-LTE radiative trans-
fer giving rise to gradients of excited atoms, and the
diffusion parameter d is then a measure of whether
diffusion of excited atoms is important (dp > 1) or
not (dp <€ 1). Up to now, only the limiting case of
vanishing diffusion (09 = 0) has been treated in the
literature on non-LTE line transfer.

Once the source function s(7) is known, all spec-
troscopic properties of the system can easily be de-
duced from it. For example, the specific intensity
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iz(0, ¥) emerging from the boundary 7 =0 in a
direction specified by the angle ¢ with respect to the
normal of the plane, with 0 < ¢ < 7/2, is given by

iz(0,9) = @z [ s(7) exp(— @z T/cos F) dr/cos & . (15)
0

In particular, the intensity emitted in the direction

perpendicular to the boundary plane is

out__ Pz J‘S (16)

7)exp(— @z 7)dT.

Let

w= _[wzdx

— 00

(17)

be the total radiative energy loss (in units of the
Planck-Wien function) per unit time and unit area
due to the considered spectral line. One has
/2
wz=_"iz(0, ¥) cos P 2msind dd . (18)
0
Inserting here Eq. (15), one obtains after a simple
change of the integration variable
Wy = 2T @y [s

) Es(pz7)dT (19)

where

= T(e—ut/ﬂ) at (20)
1

is the second exponential integral. The total radia-
tive energy loss, Eq. (17), is thus

w=2n [Ks(t)s(r)dr (21)
0
with the kernel function
Ks(7) = [z E2(pz7)d, (22)

defined for v = 0. More instructive from a physical
point of view than the quantity w itself is the ratio

(23)
where wLTE denotes the corresponding energy loss

in LTE, which is obtained from Eq. (21) for
s(t) = 1.

7 = w/wLTE

3. Numerical Results and Discussion

We have solved numerically the integro-differen-
tial equation (10) for two typical non-LTE plasmas,
characterized by g9 = 10-2 and 104, respectively,
and various combinations of 70 and d¢. The numeri-
cal method used is described in the Appendix.
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Concerning our choice of optical thicknesses 70,
we must first recall the following distinction be-
tween two types of isothermal, optically thick
plasmas [2]: For a given spectral line, an optically
thick plasma is called “effectively thick™ if, in its
interior, the line source function approaches the
value of the Planck function. In contrast, an opti-
cally thick plasma is called “effectively thin” if
nowhere in its interior does the line source function
approache the value of the Planck function. Our
choice of optical thicknesses was therefore such that
diffusion effects could be studied both in effectively
thin and effectively thick systems. For the case of
pure Doppler broadening it has been shown by
numerical calculations [2] that, for two-level atoms
and vanishing diffusion, a plane parallel slab is
effectively thick if its optical thickness obeys
70 > 10 gL

On the other hand, the diffusion parameters
chosen by us cover a range from weak (dp < 1) to
strong (dp > 1) diffusion. In addition, we have
calculated the diffusion-free limiting case (dp = 0)
for comparison.

Explicitly, we have chosen the following set of
parameters for studying the effects of diffusion of
excited atoms:

go= 10-2;

go= 10-4:

70=10 ; 102; 103.
70 = 102; 104; 106.
Here the smallest values of 70 refer to effectively

thin systems, the intermediate ones to almost
effectively thick systems, and the largest ones to

T
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Fig. 1. The dimensionless source function s as a function of
optical depth 7. The source function s is symmetric about
the center of the plane parallel slab, v = }70. The cases
shown correspond to effectively thin systems.
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effectively thick systems. For each pair of param-
eters &g, 79, the following values of dg were con-
sidered :

do=0; 0.01; 0.1; 1; 10; 100.

—
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Fig. 2. The dimensionless source function s as a function
of optical depth 7. The source function s is symmetric about
the center of the plane parallel slab, 7 = }79. The cases
shown correspond to effectively thick systems.
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Fig. 3. The dimensionless specific intensity 2" emerging
in the direction perpendicular to the boundary plane, as a
function of the dimensionless frequency . The intensity
19" is symmetric about the line center x = 0. The cases
shown correspond to the effectively thin systems in
Figure 1.
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Fig. 4. The dimensionless specific intensity ¢,°ut emerging
in the direction perpendicular to the boundary plane, as a
function of the dimensionless frequency x. The intensity
1,°0 is symmetric about the line center = 0. The cases
shown correspond to the effectively thick systems in
Figure 2.

The main results of our calculations are summa-
rized in Figs. 1—4 and in Tables 1—3. Regarding
Figs. 1 and 2, which show typical source functions
corresponding to effectively thin and effectively
thick systems, respectively, one should remember
that the source function is proportional to the
number density of excited atoms [Part I, Eq. (6)]

Tables 1. The total radiative energy loss n [Eq. (23)] and
the source function at the boundary, sp = s(0) = s(z9),
and at the center, sc = s(370), of the plane parallel slab.
Read: 5.972 =5.9 x 102,

&) = 102
Se¢ — Sp Sc
70 I} B —
. " = . Se+ S b
10 0 5.9-2 3.5-2 7.7-2 0.38 2.2
0.01 592 3.8°2 7.6°2 0.34 2.0
0.1 5.9°2 422 7.572 0.28 1.8
1 572 4.8°2 6.7-2 0.16 14
10 582 572 6.0-2 0.03 1.1
100 5.9-2 5.8-2 5.9-2 0.00 1.0
102 0 0.26 8.3-2 0.54 0.73 6.5
0.01 0.26 9.1-2 0.54 0.71 5.9
0.1 0.26 0.11 0.54 0.67 5.1
1 0.26 0.14 0.53 0.58 3.7
10 0.28 0.22 0.46 0.35 2.1
100 0.30 0.29 0.34 0.08 1.2
103 0 0.42 0.10 0.96 0.81 9.7
0.01 0.42 0.11 0.96 0.80 8.8
0.1 0.42 0.12 0.95 0.77 7.8
1 0.43 0.17 0.96 0.70 5.7
10 0.47 0.28 0.96 0.55 3.4
100 0.58 0.48 0.94 0.32 2.0

Table 2. The total radiative energy loss n [Eq. (23)] and the
source function at the boundary, s, = s(0) = s(79), and
at the center, s; = s(370), of the plane parallel slab. Read:
5.92=5.9x 102

g0 = 104
PR se— b So
0 1 = & Se+sp  Sp
102 0 4.6-3 1.3-3 1.1-2 0.78 8.0
0.01 4.6-3 1.4-3 1.12 0.76 7.3
0.1 4.5-3 1.7-3 1.0-2 0.72 6.3
1 4.5-3 2.2-3 1.0-2 0.64 4.5
10 4.5-3 3.4-3 7.6-3 0.37 2.2
100 4.4-3 4.2-3 5.0-3 0.08 1.2
104 0 0.12 8.5°3 0.66 0.98 79
0.01 0.12 9.3-3 0.67 0.97 72
0.1 0.12 1.1-2 0.67 0.97 63
1 0.12 1.5-2 0.67 0.96 45
10 0.12 2.8-2 0.67 0.92 24
100 0.13 6.1-2 0.66 0.83 11
106 0 0.29 9.5-3 0.99 0.98 105
0.01 0.29 1.0-2 0.99 0.98 95
0.1 0.29 1.2-2 0.99 0.98 83
1 0.29 1.6-2 0.99 0.97 60
10 0.29 3.1-2 1.00 0.94 32
100 0.30 6.8-2 1.00 0.87 15

Table 3. Ratio of the maximum value of the emerging
intensity, ioa., to the intensity at the line center, dg".
The frequencies max for which 72"t assumes its maximum
value 2% are, in general, different for different combina-
tions of & and 70, but, for a given pair &, 70, almost
independent of do (see Figs. 3 and 4).

i ig
& = 10-2 &0 = 104

o 0=10 102 103 70 =102 104 106
0 1.04 25 44 2.8 29 52
0.01 1.04 25 44 2.8 29 52
0.1 1.03 24 43 2.7 28 51
1 1.01 2.2 3.9 2.4 26 46
10 1.00 1.5 2.7 1.5 16 30
100 1.00 1.1 1.6 1.1 7 14

so that these figures directly display the spatial
distribution of excited atoms in the plane parallel
slab, where the Planck function, s = 1, corresponds
to the Boltzmann value of na/n; . As expected, larger
values of dy give rise to flatter spatial distributions
of excited atoms. This flattening with increasing
values of dp can readily be followed by considering
the ratios (sc — sp)/(Sc + sp) and s¢/sp, quoted in
Tables 1 and 2, where s, and sp denote the values
of the source functions at the center and at the
boundary of the slab. Likewise, as a result of this
flattening of the source function, the emitted
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double-humped intensity profiles become flatter, as
can be seen in Figs. 3 and 4, which show typical
intensity profiles of effectively thin and effectively
thick plasmas, as well as in Table 3, where we have
listed the ratio of the maximum value of the emer-
ging intensity 9" to its value at the line center,
which is a measure of the self-reversal of the line.

At least for the range of parameters considered,
the total radiative energy loss in the spectral line is
hardly affected by diffusion of excited atoms, as
shown by the values of the quantity 5, Eq. (23),
quoted in Tables 1 and 2.

As expected on physical grounds, the effect of
diffusion is most important at the boundary of the
plasma where higher values of dy lead to higher
values of the source function, reflecting the in-
creasing convective transport of excited atoms from
deeper layers into the boundary region. Even
moderate values of 0y significantly change the
boundary value of s. Roughly, the boundary value
of s for 0p = 1 is about twice as large as that for
dp = 0 (see Tables 1 and 2). As a consequence, the
intensity profile near the line center of the emitted
spectral line depends rather sensitively on dg (see
Figs. 3 and 4). The dimension of the boundary region
affected by particle diffusion increases with in-
creasing dg. From Figs. 1 and 2 (and also from our
other results not presented here graphically), it can
be seen that this region extends from the boundary
7= 0 to an optical depth 7~ 1 for d9 = 1, to
7~10---30 for 9= 10, and to 7~ 102 --- 103 for
0o = 100. One therefore expects that, for sufficiently
large values of the diffusion parameter, an other-
wise effectively thick system becomes effectively
thin.

In this paper, we have only considered the limit-
ing case of pure Doppler broadening. It is well
known [2] that additional collision broadening of the
spectral line has the effect of decreasing the density
gradients of excited atoms because more photons
emitted at deeper layers escape from the system in
the line wings. Thus, the diffusion effects found for
pure Doppler broadening establish upper limits for
the more general case of a line which shows combin-
ed Doppler and collision broadening. The case of
combined Doppler and natural broadening is more
involved since natural broadening, in contrast to
collision broadening, is characterized by frequency
coherence of the scattered photon in the rest frame
of the atom. Finally, it should be remembered that

our calculations refer only to the special case of a
plasma with vanishing exchange of matter with the
surroundings where the boundary conditions (12)
hold.

Despite being somewhat unrealistic, two-level
atoms, which were considered in this paper, serve
useful purposes. Firstly, the radiation transport in
strong resonance lines can often be described, at
least approximately, as being due to two-level
atoms. Secondly, the problem of radiative transfer
in several interlocking lines can be treated by an
iterative procedure where the source function of
each line is considered as that of a two-level atom,
with parameters depending on the radiation inten-
sities in all other lines.

Appendix

Because of the symmetry of the system, the inte-
gro-differential equation (10) can be written in a
form restricted to the interval 0 =< 7 < 1 70 with
boundary conditions s'(0) = s’ (£ 7% = 0. We have
treated this equation in a straightforward manner
simply by replacing derivatives there by differences
and integrals by sums. The most crucial approxima-
tion made consisted in writing the integral as

N
z [ Ki(|]t—7'|)s(r)dr

1=1 An 57
~ >s(n) [Ki(|7r —7'|)ar,
=1 At

where A7; is a 7-interval containing the point ;.
In this way one obtains from Eq. (10) a system of
linear equations for the N unknowns s; = s(7;). The
maximum N used by us was about N = 180.

Owing to the approximation just mentioned, it
was necessary to choose the intervals A7; such that
the relative change of s from one interval to the
next was nearly constant over the entire z-interval,
i.e. that As;/si= [s(ti+1) — s(t:)]/s(r:) was ap-
proximately independent of i. Applying this cri-
terion, good numerical results were easily obtained
if 0o < 1. However, if do > 1, it turned out that
As;/s; had to be constant for all ¢ to a high accuracy,
otherwise the results were unreliable. Therefore,
starting from a more or less arbitrary initial choice
of the At;, we changed these intervals by an itera-
tive procedure until As;/s; was independent of i.
This was then repeated for larger values of N in
order to test the convergence with increasing N.
The errors of the results thus obtained should not
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exceed about 59, if 9 = 100, and they are much
smaller for smaller values of dy.

For very small ¢y, very large o, and very large
70, however, other methods of solving the integro-
differential equation (10) are required in order to
get numerical stability. A possible candidate is the
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